Abstract -The dynamics of finite dimension open quantum systems is studied with the help of the simplest possible form of projection operators, namely the ones which project only onto one dimensional subspaces. The simplicity of the action of the projection operators always leads to an analytical solution of the dynamical master equation, even in the non-Markovian case, in any perturbative order. The analytical solution correctly reproduces the short-time dynamics, and can be used to recursively recover the dynamics for an arbitrary time interval with arbitrary precision. The necessary number of relevant degrees of freedom to completely characterise an open quantum system is (n − 1)(n + 2)/2, where n is the dimension of the Hilbert space of the open system. The method is illustrated by two examples, the relaxation of a qubit in a thermal bath and the dynamics of two interacting qubits in a common environment.
Introduction. -The understanding of the dynamics of open quantum systems is necessary to describe many interesting phenomena such as photosynthesis [1] , the transport in living cells [2] and the dynamics of quantum systems in strong laser fields [3] . Recently, several different approaches to study open systems have been suggested [4-8, 10, 13] . These approaches significantly differ from each other and describe certain properties of open systems from different points of view. By choosing the most appropriate method to describe an open system one may successfully study the relevant characteristics of the system with a reasonable accuracy. Despite the significant success of the theoretical investigation it is still difficult to derive analytical or, even, numerical results for a general open system, especially, in the non-Markovian case. Typically, non-Markovian master equations have very complicated dependence on time and even a numerical study of such equations is a non-trivial task.
In this letter we suggest an approach, based on a special class of projection operators, which allows to study the dynamics of a broad class of open systems. Application of the suggested technique to finite dimension open quantum systems always leads to an integrable set of differential equations. The number of the equations, which are necessary to characterise an open system, is lesser than the dimension of the reduced density operator of the open system. The analytical solution correctly reproduces the short-time dynamics of an open quantum system, and under additional assumptions allows to recursively recover the solution of traditional forms of master equations with arbitrary precision. The method is illustrated by two examples, relaxation of a qubit in a thermal bath and relaxation of two interacting qubits in a common environment.
Time-convolutionless master equation. -Our approach is based on the so-called time-convolutionless (TCL) master equation. The most widely used form of the TCL master equation reads [7] 
where the superoperators are defined as
In the above expressions L(t)A = −i[H(t), A] is the Liouville superoperator and H(t) is the system Hamiltonian, exp ∓ is the chronological (antichronological) exponent, Q = 1 − P and P is some projection operator (we seth = k B = 1). Eq. (1) is exact, but the calculation of the right-hand side is associated with difficulties. The usual approach to Eq. (1) is a perturbation expansion of the right-hand side and the consideration of a few perturbation orders. Often the second order perturbation expansion is used and the master equation has the following form
This equation reproduces the majority of Markovian and non-Markovian dynamical master equations under different assumptions [7] .
Projection Operators. -Clearly, the general form of Eq. (1) and (2) does not depend on the concrete form of the projection operator P, and here one has a lot of freedom to choose the most suitable one. Traditionally, the projection operator for open quantum systems is chosen in the form
where the partial trace takes over the environment degrees of freedom. In the above equation H E is the free Hamiltonian of the environment and β is the inverse temperature. Application of the traditional projection operator (3) to the TCL master equation (2) is in general equivalent to the well-known Born approximation, and physically means the absence of any dynamics of the environment. Recently, several attempts to optimise the perturbation theory by using other projectors were made [4, 11] . Particularly, the action of the correlated projection operator [11] takes into consideration additional degrees of freedom of the environment. But every single additional degree of freedom leads to the appearance of an additional equation in the system (1), which restricts the applicability of the method. Another type of a projector is the KawasakiGunton projection operator [4, 12] , which is based on ideas of non-equilibrium thermodynamics. This projector leads in general to a non-linear system of equations, and of course, such a system is not easy to study.
In this letter we suggest the maximal possible simplification of Eq. (1). As in the traditional approach based on the projection operator (3) we ignore any changes in the environment. The basic idea is to study every relevant degree of freedom of an open quantum system separately. A projection operator which extracts only one degree of freedom has the from
where I is identity matrix acting in the Hilbert space of the environment and E ij is a matrix with unit in the intersection of the ith row and jth column and 0 elsewhere acting in the Hilbert space of the open system. Clearly, Eq. (1) with the projection operator (4) reduces to a single linear differential equation, which can be easy solved in quadratures, namely
where the subscripts denote the projection operator, used in the definition of the superoperators, and t 0 is the initial moment of time.
The expression (5) is exact and, in principle, can be calculated with any accuracy. By changing the projection operator in Eq. (5) one can find any element of the density operator. The hermitian character of the density operator and also the normalisation conditions allow to decrease the number of necessary elements to completely characterise an open system. The number of the elements needed is equal to (n−1)(n+2)/2, which consists of (n−1) diagonal elements of the density operator and n(n − 1)/2 of nondiagonal elements below (above) the diagonal.
Iterative procedure for recovering of the reduced density operator. -The exact calculation of the superoperators in Eq. (5) is associated with significant difficulties. Thus, one has to restrict oneself to some perturbation expansion up to appropriate order. In this section we suggest an iterative procedure which allows to recover the exact dynamics using the appropriate perturbation expansion.
The recursive procedure is constructed as follow. The perturbation expansion of Eq. (5) with the projector (4) approximates the exact dynamics on some time interval, which is usually defined by the strength of the interaction between the components of the system, i.e. if the maximal interacting constant is λ than the expansion is valid for λt ≪ 1. Let the initial time be denoted by t 0 and t f be the final time, where the perturbation expansion is still applicable. Beyond the interval [t 0 , t f ] the omitted degrees of freedom start to significantly affect on the dynamics. Take some point t 1 in the valid interval and consider the values of Eq. (5) in this point as new initial conditions one can again using Eq. (5) extend the solution to the new time interval [t 1 , t 2 ]. Continuing this procedure one can iteratively reproduce the dynamics for any time interval [t 0 , t]. In other words, the iteration procedure is
where the superoperators are defined perturbatively. For instance, up to the second order we have
The perturbation expansions (7)- (8) reproduce the exact expressions with the order o(λ 2 t 2 ), where λ > ||L||. Thus the iterative scheme (6) has an error ∼ o(λ
2 ) in general. Notice, that we ignore any changes in the environment. Thus, to effectively apply the iteration procedure one has to define (n − 1)(n + 2)/2 matrix elements, characterising the open quantum system. With this knowledge one can calculate Q ij ρ(t k−1 ) and continue the iterations. In this case the suggested iterative scheme allows to reproduce the solution of traditional forms of Markovian and nonMarkovian master equation, which follows from (2) for any arbitrary time-interval and with arbitrary precision. Also notice that the inhomogeneity Q ij ρ(t i−1 ) cannot be neglected in general. Below we show two examples of the application of the above theory.
Non-Markovian relaxation of a qubit. -The simplest example of a non-Markovian process is relaxation of a qubit in a thermal environment. The Hamiltonian of the system in the interaction picture is
where σ ± are the Pauli matrices, and B(t) = k e i(ω0−ω k )t b k , b k is the annihilation operator of the kth oscillator in the bath, ω 0 is the transition frequency of the qubit and ω k is the frequency of the kth oscillator in the bath. The dimension of the Hilbert space of the qubit is equal to 2. Thus, for recovering the density operator with the help of the above procedure one has to find (n − 1)(n + 2)/2 = 2 matrix elements. The corresponding projector operators (4) have the following form
where
Substituting the above projectors for Eq. (2) leads to the following equations for the factorised system-bath initial conditionsρ
In the above equations
and
where J(ω) is the spectral density of the bath. It is clear that the solution of Eqs. (12)- (13) can be found in quadratures.
It is interesting to compare the above result with the standard results following from the TCL master equation (2) with the projector (3). The traditional equation for ρ 21 coincides with (13) , but the result for ρ 11 differs from Eq. (12) . To reproduce the result following from the standard TCL equation we have to replace ρ 22 (t 0 ) by ρ 22 (t) in the right-hand side of Eq. (12) . Actually, it is the general rule that the master equation with the projector (4) has the same structure as the traditional master equation with the projector (3), but all "non-relevant" variables are replaced by its initial values. Also, the restricted superoperator leads to break the trace preserving of the the dynamical map. It can be checked that for the considered model Trρ = f + (t)(ρ 11 (t 0 ) − ρ 11 (t)) + f − (t)(ρ 22 (t 0 ) − ρ 22 (t)) is not equal to zero at any time t > t 0 . The order of this effect is o(l(t − t 0 )
2 ), where l > max(|f − |, |f + |). Thus, one can make the value of the trace arbitrary small, taking the time interval [t, t 0 ] small enough and apply the iteration procedure, described in the previous section.
Replacing ρ 22 (t 0 ) in the right hand side of Eq. (12) by 1 − ρ 11 (t 0 ) and applying the iterative procedure from the previous section, which for this model has the form
one can recover the results of the standard non-Markovian master equation.
The dynamics of the excited state of the qubit for the Ohmic spectral density J(ω) = λω exp[−ω/Ω] is presented in Fig. 1 . One can see that the iterative scheme (6) reproduces the solution of the traditional master equation for the considered system quite well. The time step for the iterations was λt = 0.05 and the absolute error of the approximation does not exceed 0.01. In the same figure we draw the Markovian limit, which corresponds to the parameters f ± (+∞). One can see that in the Markovian limit the approach also works well.
Two interacting qubits in a common thermal bath. -The example in the previous section is very simple and one can build the analytical solution of the traditional form of the master equation in quadratures. In this section we consider a more complicated example. The Hamiltonian for the system is written as
where H 0 = ω 0 i σ i z is the free qubits Hamiltonian, (3) and (4) respectively. Parameters in the system are Ω = 10λ, ω0 = 2λ, β = 0.3 the ith qubit, b j is the annihilation operator of the jth oscillator in the bath, ω 0 and ω j are the transition frequency of the qubits and the jth oscillator in the bath, correspondingly, V is the constant of dipole-dipole interaction, g j is the coupling constant of the qubit and jth oscillator in the bath, α i are the geometrical factors that mark the position of the ith qubit. First we transform the Hamiltonian (15) to the interaction picture
is the same as for the previous model.
The master equation (2) for the factorised initial conditions can be written aṡ
where F = ∞ 0 dωJ(ω)(coth(βω/2) + 1)/2e
and R = ∞ 0 dωJ(ω)(coth(βω/2) − 1)/2e −i(ω0−ω)(t−t1) , and we assumed that the bath stays in the thermal equilibrium for all time. The projection operator P in the above equation is either (3) or (4).
One can see that the investigation of the master equation (17) with the projection (3) is not a trivial problem. Even numerical solution of the equation is quite a tricky and consist of the evaluation of the multidimensional integrals in every step. The application of the projection operators (4) leads to a uncoupled system of equations, which has the same form as the system following from Eq. (17). The only difference is that all "irrelevant" matrix elements for the concrete projection operator in the form (4) are replaced by its initial values.
As it was mentioned above, to completely describe the open systems one has to solve (n + 2)(n − 1)/2 = 9 uncoupled equations. By using the iteration scheme (6) one can reproduce the dynamics of the open system. The result for the spectral density J(ω) = λωe −ω/Ω for the population of the collective excited state is shown in Fig. 2 . The Markovian dynamics follows from (17) changing the upper limit of integration to +∞. One can see that for the time step λt = 0.05 the iteration procedure (6) gives very accurate result.
Generalization. -Above we discussed the method only in application to a bosonic bath. In this paragraph we want to stress the possibility of the method for describing other types of open quantum systems. Of particular interest is the case of environment with specific spectral properties [13] [14] [15] . In this case it is necessary to take into account the evolution of some environmental degrees of freedom. This can be done by generalisation of the projection operator (3) in the following way. Let the state of the bath be characterised by some set of r orthonormal vectors |a i , i = 1, ..., r. The projection operators which allow to study such a system have the form
By substituting this projector into (1) leads to n 2 r differential equations in any order of perturbation expansion. The reduced density operator is defined by ρ S (t) = i P i ρ(t). The above theory also can be modified for this case. To extract only one degree of freedom from the density operator and take into account bath degrees of freedom p-4
Effective study of non-Markovian open quantum systems we introduce the projection operator
One has to consider only r(n 2 + n)/2 independent linear equations due to identity P Conclusions. -The general form of the TCL master equation does not depend on the concrete form of the projection operator. This fact has been used to sufficiently simplify the study of the dynamics of open quantum systems by choosing the projection operator which extracts only one degree of freedom of the density operator. Substituting the simplest form of the projection operator for the TCL master equation always leads to a single linear differential equation, which can be solved in quadratures in any perturbation order. Thus, one can efficiently study every degree of freedom of an open quantum system separately, and due to hermicity and trace preservation of the density operator the number of the necessary degrees of freedom to completely describe a system can be reduced to (n + 2)(n − 1)/2, where n is the dimension of the system Hilbert space. In general, the accuracy of the TCL expansion depends only on the perturbation order, but not on the concrete form of a projection operator. Thus, the solution of the TCL master equation with the simplest projection operator (5) reproduces the dynamics with the same accuracy as the traditional form of the master equations of the corresponding order.
Additional assumptions, such as constant state of the environment during the evolution of an open quantum system and week system-environment interaction, allow to truncate the Hilbert space of the total system and to consider only the second order perturbation expansion. In such a case the traditional form of the TCL master equation gives reasonably good results, in particular these results consist of the Lindblad form of the Markovian master equation. We have suggested the iteration scheme (6), which allows to recover the results following from the traditional TCL master equations and shown with concrete examples that the suggested scheme allows to reproduce the traditional second order master equation with a good precision. * * * This work is based upon research supported by the South African Research Chair Initiative of the Department of Science and Technology and National Research Foundation.
